We derive an analytic expression for the wavelength scaling of the high-order-harmonic generation (HHG) yield induced by midinfrared driving laser fields. It is based on a quasiclassical description of the returning electron wave packet, which is shown to be largely independent of atomic properties. The accuracy of this analytic expression is confirmed by comparison with results of numerical solutions of the time-dependent Schrödinger equation for wavelengths in the range of 1.4 μm ≤ λ ≤ 4 μm. We verify the wavelength scaling of the HHG yield found numerically for midinfrared laser fields in a recent paper by Le et al. [Phys. Rev. Lett. 113, 033001 (2014)].
I. INTRODUCTION
Significant progress in the development of intense laser sources having midinfrared (IR) and even far-IR laser wavelengths has stimulated a growing interest in strong-field processes in the deep tunneling regime [1] [2] [3] . Since the energetics of this strong-field process is governed by the ponderomotive energy U p of a tunnel-ionized electron in a laser field (where U p ∝ λ 2 ), increasing the laser wavelength λ opens the way for producing higher-energy photons and electrons in strong-field reactions. For high-order-harmonic generation (HHG), such long-wavelength laser sources allow experimentalists to utilize higher-pressure gas targets and to extend phase-matching conditions into the x-ray regime, thus enabling the production of a nearly continuous spectrum of high-order harmonics having extremely short wavelengths [4] [5] [6] [7] [8] [9] . As the wavelength increases, these beneficial macroscopic features of the target medium for phase matching compete with the negative feature of the microscopic singleatom HHG yield, which decreases rapidly [1, 10] . Therefore, the dependence (or scaling) of the single-atom HHG yield as a function of laser wavelength has become crucially important for the generation of attosecond [4, 11] and even, possibly, zeptosecond pulses [12] . Consequently, different schemes for achieving a more favorable λ dependence of the single-atom HHG yield have been suggested [13, 14] .
The HHG process depends nonlinearly on many parameters. Determining the λ scaling of HHG as a function of any one of these parameters (e.g., laser intensity, ponderomotive energy, harmonic energies, laser pulse duration, etc.) requires that all other parameters remain fixed. Depending on which parameters are kept fixed, different scaling laws can be obtained. Thus, for example, if the laser intensity and the interval of harmonic energies are fixed, the energy radiated per unit time into this interval (an integrated HHG yield) scales as λ −μ , where 5 μ 6 [1, 10, [15] [16] [17] [18] . If the ponderomotive energy U p is kept fixed instead of the intensity, the HHG yield decreases exponentially with λ [19] . In contrast to these two cases, however, if harmonic energies are not fixed, the HHG yield for a fixed intensity may even increase with increasing wavelength λ due to atomic structure effects [20] .
Systematic study of the wavelength dependence of the HHG yield began with investigations of the fine-scale oscillations in the λ dependence of integrated harmonic yields [15] [16] [17] [18] . These oscillations modulate the smooth λ dependence ∝ λ −μ predicted earlier in Ref. [1] . Quasiclassical analyses find that these oscillations originate from the interference of high-order quantum orbits [15, 17] , whereas a rigorous quantum analysis finds that these oscillations are a manifestation of threshold phenomena in the HHG yield at the closing of multiphoton ionization channels [16, 18] . As shown in Ref. [18] , the positions of the maxima of these oscillations depend on the shape of the atomic potential: For a short-range potential they coincide with the positions of multiphoton thresholds [16] , whereas the corresponding peaks for a Coulomb potential occur in the middle between two neighboring multiphoton thresholds [18] . (Similar features have been found in strongfield ionization of an electron in a Coulomb potential [21] ).
Another kind of wavelength scaling for the HHG process has been studied in Refs. [22, 23] based on an improved version of the strong-field approximation [24] . Instead of the integrated HHG yield analyzed previously in Refs. [15] [16] [17] [18] , Refs. [22, 23] analyzed the HHG conversion efficiency (CE) for a given harmonic frequency , which is proportional to the HHG yield integrated over the energy interval [ ( − ω), ( + ω)], where ω = 2πc/λ is the frequency of the driving field. In the tunneling regime, Refs. [22, 23] show that the CE scales as λ −5 at the HHG plateau cutoff for a fixed cutoff energy, as λ −9 at the cutoff when the cutoff energy is not fixed, and as λ −6 over the plateau region for a fixed harmonic energy. An analysis of the λ dependence of the HHG yield within the framework of the strong-field approximation and quantum orbit theory was reported in Ref. [25] . Within this approach, the partial HHG yield associated with long orbits was found to scale as λ −4.1 for a fixed absolute harmonic energy, whereas the yield associated with short orbits decreases more rapidly with increasing wavelength as λ −8.5 . Although these partial λ scalings of the short-and long-trajectory contributions to HHG strongly differ from each other, the overall trend of the decreasing HHG yield with increasing λ for fixed harmonic energy obtained in Ref. [25] agrees with earlier results.
Recently, interest in the λ scaling of the HHG yield has revived within the context of the universality properties of the returning electron wave packet (EWP) in HHG produced by midinfrared laser pulses [26] . Within the quantitative rescattering theory (QRS), which is based on the phenomenological factorization of the HHG yield in terms of the EWP and the field-free photorecombination cross section [27] [28] [29] [as confirmed by numerical solutions of the time-dependent Schrödinger equation (TDSE)], several scaling properties have been suggested in Ref. [26] for the EWP considered as a function of the electron energy E, the U p -scaled energỹ E = E/U p , and the carrier wavelength λ of the laser pulse:
(i) for fixed E, the EWP and the spectral density of harmonic radiation scale as λ −4.2 ; (ii) for fixedẼ, the EWP scales as λ −1.2 ; (iii) as a function ofẼ, the EWP in the long-wavelength limit scales asẼ 1.5 ; (iv) over the interval 1.5 Ẽ 3.17, the EWP scales approximately as e 1.2Ẽ . In this paper, we present an analytic description of the λ dependence of the HHG yield based on an analysis of the (near-) universal properties of the returning EWP [30, 31] . Our results confirm the main conclusions concerning the λ scaling of HHG represented in Ref. [26] . In Sec. II we briefly review the relationship between the HHG yield and the spectral distribution of the returning EWP that, upon radiative recombination, controls the spectral distribution of the emitted harmonic radiation. A detailed analysis of the universal scaling properties of the EWP is given in Sec. III. In Sec. IV we compare our analytic results for the EWP with TDSE results for both hydrogen (H) and helium (He) atoms, compare our analytic λ-scaling result for the HHG yield with TDSE results for H, and discuss the validity of QRS results [26] for the λ scaling of both the EWP and the HHG yields. In Sec. V we summarize our results.
II. DEFINITION OF THE HHG YIELD
The scaling of the yield of high-harmonic radiation as a function of the wavelength λ of the driving infrared laser depends on the precise definition of the HHG yield. In accord with Refs. [1, [15] [16] [17] [18] , we analyze the integrated harmonic yield Y, which is defined as the energy radiated per unit time by the target atom (subjected to a laser pulse of duration T ) into a fixed harmonic energy range [E 1 ; E 2 ],
where ρ(E ) is the spectral density of the emitted radiation. When the duration of the driving pulses is kept fixed in terms of the number of optical cycles as assumed in the following, T scales linearly with λ. Consequently, the prefactor T −1 in Eq. (1) introduces one inverse power of λ to the overall scaling of Y. Note that Ref. [26] states that for λ 3 μm there is a slower decrease in the HHG yield with increasing λ than found for λ 2 μm in earlier investigations [1, 15, 16, 18] . This was shown in Ref. [32] to be due to the use in Ref. [26] of a different definition of the HHG yield from that in Eq. (1) . (Specifically, the authors of Ref. [26] considered a nonintegrated HHG yield Y for a fixed harmonic energy). Using the definition (1) for Y, the wavelength scaling results of Ref. [26] for the HHG yield agree with previous wavelength scaling results (see Ref.
[32] for details).
For the analytic investigation of the scaling, we make use of the approximate factorization of ρ(E ) [27] [28] [29] ,
in terms of the field-free photorecombination cross section σ (r) for an electron with energy E and the spectral distribution of the returning EWP w(E,F ) with E = E − I p . This factorization is supported by comparison with numerical solutions of the TDSE and represents the key ingredient for the QRS theory. Since σ (r) (E) is independent of the parameters characterizing the laser field, the factor σ (r) in Eq. (2) does not contribute to the λ scaling. Specifically, for comparison with our numerical TDSE calculations we will employ the cross section for recombination into the ground state of hydrogen,
where q = pa 0 / , α = e 2 /( c), and p = √ 2mE. The remaining λ dependence of Y therefore originates exclusively from the EWP, which we analyze in detail in the next section.
III. ANALYTIC LOW-FREQUENCY RESULTS FOR THE EWP AND THE HHG YIELD
Analytical approximations to w(E,F ) have been presented in Refs. [30, 31] . They are based upon a quantum-mechanical treatment of an exactly solvable model for an electron in both a short-range potential and a strong laser field [33] and form the starting point of the present investigation of the λ scaling for short low-frequency midinfrared pulses. The analytic model results are extended to the case of HHG by neutral atoms, and the accuracy of the extended results is confirmed by comparison with HHG results obtained by a numerical solution of the TDSE.
A. Definition of the phase-averaged EWP
We consider an atom with an ionization potential I p exposed to an intense linearly polarized laser pulse with electric field F(t) =ẑF (t), where F (t) has a peak value F 0 , carrier frequency ω or wavelength λ = 2πc/ω, and duration T . Within the classical three-step scenario for HHG, the EWP can be expressed in terms of a coherent superposition of contributions from returning closed classical orbits j of electrons escaping from and recombining with the atoms as [31] 
where the phase ϕ j for the j th closed orbit is a rapidly varying function of the path index j (see Eq. (55) for ϕ j in Ref. [31] ) and where s j,k = 1 for j = k. In our analysis of the λ scaling of HHG, we neglect the fine-scale interference features of HHG spectra. Thus, we average Eq. (4) over the phase ϕ j , which is equivalent to the substitution cos(
The phase-averaged EWP is then given by a sum of partial EWPs w j ,
The weight w j with which each classical orbit contributes is given by [20] 
where I j and W j are the ionization and propagation factors, respectively.
B. λ scaling of the partial EWPs w j
Within the single-active-electron approximation, the ionization factor I j in Eq. (6) can be approximated in terms of the quasiclassical static tunneling ionization rate st of an initially bound state ψ κlm l (r) by [34] 
i )|, and v at = e 2 / and F at = m 2 e 5 / 4 are the atomic units of velocity and field strength. The asymptotic behavior of ψ κlm l (r) for large r underlying Eq. (7) is given by
where C κl is a dimensionless asymptotic coefficient, l is the electron's angular momentum, κ = 2mI p / , ν = Z/(κa 0 ), Z is the charge of the atomic core, and a 0 = 2 /(me 2 ) is the Bohr radius. In what follows, we consider only initial states (9) with m l = 0 since the contributions to the HHG yield from magnetic sublevels with m l = 0 are strongly suppressed in the low-frequency limit [35] . The overall λ scaling of the ionization factor (7) is obviously
The propagation factor W j is expressed in terms of the Airy function Ai(x) [31] ,
where
is the time interval between tunnel ionization and recombination of the j th trajectory and E at = e 2 /a 0 is the atomic unit of energy. The explicit form (10) of the propagation factor W j for the j th orbit was obtained assuming that the kinetic energy E at the instant of recombination t
r is not too far from the maximum energy E (j ) max gained in the laser field, where max{E (j ) max } determines the cutoff of the harmonic spectrum. The magnitude of E (j ) max is controlled by the maximum classical kinetic energy of a free electron (having zero initial velocity at the time t (j ) i and returning to the same spatial point at the time t (j ) r ) gained in the laser field [31] ,
where A(t) is the vector potential of the laser pulse F (t) = −∂A(t)/(c ∂t). The pair of times {t
f } satisfies the coupled system of two classical equations,
1 c A t
We emphasize that the index j in the present analysis enumerates all closed electron trajectories occurring during the laser pulse [i.e., the real solutions of the classical equations (14)], whereas in Ref. [31] only those trajectories were included for which the ionization (t If the vector potential A(t) depends on the time only through the combination ωt [so that the substitution t → ω −1t removes the ω dependence from the time dependence of A(t)], then the system of Eqs. (14) shows explicitly that the times t r are linear functions of ω −1 . Moreover, these times do not depend on the peak value of the laser field. Indeed, converting the system of Eqs. (14) to dimensionless variables by dividing the vector potential by A 0 = cF 0 /ω, the electric field by F 0 , and the time by ω −1 , the resulting dimensionless system depends only on the shape of the laser pulse. In most cases, the vector potential can be well approximated by a function of ωt (excluding, e.g., the case of a chirped pulse). Approximating the time dependence of A(t) by such a function, the λ scaling of the energy E cl max coincides with that of the ponderomotive energy
where the prefactor ε j depends neither on the carrier frequency nor on the peak value F 0 . Thus, E cl max increases quadratically with increasing laser wavelength λ. The λ scaling of the propagation factor follows now from the asymptotic expansion of the Airy function in Eq. (10) for large negative arguments,
Equation (16) 
the expression (10) can be simplified to
where Combining now Eqs. (6), (7), and (19) leads to an approximate analytic expression for the weight of the wave packet w j for the j th trajectory,
with
From Eq. (20) , two frequency scalings can be obtained for the averaged EWP in the low-frequency limit (cf. Ref. [26] ): (i) for a fixed electron energy E and (ii) for a fixed U p -scaled energyẼ. SinceẼ ∝ ω 2 , the first case corresponds to the limit E ε j for which we can approximate Eq. (20) by
Consequently, the phase-averaged wave packet (5) scales as
where the factor, (24) depends only on the shape and intensity of the laser pulse but not on λ. Because of the λ independence of the recombination cross section, the same scaling holds for the spectral density of the harmonic radiation in Eq. (2),
Considering now the second case, i.e., a fixedẼ, Eq. (20) implies, to leading order, a linear scaling of the weight of the wave packet with ω, w j ∼ ω ∼ λ −1 . Unlike the first case, the prefactor is not universal but depends on the properties of the path distribution,
For large ponderomotive energies compared to the initial binding energy I p /U p 1, the averaged wave packet (26) scales with the scaled energyẼ, to leading order, as w(E,F ) ∝ E 3/2 .
C. λ scaling of the HHG yield Y
In accordance with Eqs. (1) and (2), the ω-scaling law for the EWP allows one to predict the wavelength scaling law for the HHG yield. Indeed, according to Eq. (23), the phase-averaged EWP scales as λ −4 , whereas T −1 ∝ λ −1 for a fixed number of cycles in a pulse. Thus the analytical scaling law for Y is
In Sec. IV we show that our analytically derived scaling law (27) agrees well with TDSE results for λ 4 μm.
IV. COMPARISONS OF ANALYTIC SCALING LAWS WITH TDSE AND QRS RESULTS
In order to check the accuracy of our approximate analytic results for the EWP and the resulting λ scaling (27) of the harmonic yield Y, we compare the analytic predictions in Eqs. (23) and (26) for the scaling of the phase-averaged EWP w(E,F ) with corresponding results from full TDSE calculations for both H and He atoms. For the TDSE calculations of harmonic spectra, we adopt the same method as was used recently to investigate below-threshold harmonic generation [36] . Essentially, the HHG spectrum is evaluated by computing the Fourier transform of the electron's acceleration, which is recorded at each instant during the evolution of the electron wave packet. The details of our numerical solution of the TDSE can be found in Refs. [37] [38] [39] . In brief, we expand the wave function (r,t) in spherical harmonics, and the radial wave functions are discretized using the finite difference method. The wave function (r,t) is propagated in real time using the split-operator method with a time step of 0.01 a.u. The maximum radial grid point is taken up to 6000 a.u. with a grid spacing of 0.1 a.u. An absorption function is applied near the end of the radial box to avoid reflections at the box edge. The maximum angular momentum L max is taken to be 500 in order to obtain converged HHG spectra at even the longest wavelength (λ = 4 μm) considered in the present paper. All other parameters are carefully chosen to make sure that all results are fully converged.
To compare our analytically derived scaling laws with QRS results [26] discussed in the Introduction, the TDSE was solved for the same laser pulse as in Ref. [26] , i.e., for a trapezoidal pulse with a two-cycle flattop of intensity I = 10 14 W/cm 2 and half-cycle ramps for turn on and turn off. We note that the oscillations of the HHG results were smoothed in Ref. [26] by using Bezier interpolation whereas we present our TDSE results for the actual HHG spectra calculated. The TDSE quantum prediction for the wave packet w QM (E,F ) is determined from the numerical result for the harmonic spectral density ρ(E ) using Eq. (2),
(Note that w QM can alternatively be directly estimated from the quantum phase-space distribution of the returning wave packet [40] without involving the recombination cross section).
In Fig. 1 we compare our U p -scaled expression (26) for the averaged quasiclassical EWP w(E,F ) with w QM for both H and He atoms. To remove the linear dependence of the result (26) on the carrier frequency, we normalize the calculated EWPs for different wavelengths by the factor ω and plot them on theẼ ≡ E/U p scale. As shown in Fig. 1(a) for the H atom, our averaged EWP analytic result (26) agrees well with the TDSE results, and the shape of the ratio w(E,F )/ω is essentially independent of the carrier wavelength. The dashed-dotted (red) line in Fig. 1(b) , also for the H atom, corresponds to the limit (23), whose smooth dependence on the scaled electron energyẼ contrasts with the spikelike feature ( j −Ẽ) −1/2 predicted by Eq. (26) wheneverẼ approaches the maximum value j for a given closed orbit j .
In Fig. 1(b) , five such threshold energies can be observed for which a spike occurs: ε 1 ≈ 0.09, ε 2 ≈ 0.65, ε 3 ≈ 1.54, ε 4 ≈ 2.40, and ε 5 ≈ 3.17. (Note that values for the threshold energies ε 3 -ε 5 have been reported in Ref. [41] , taking into account quantum corrections). These threshold energies are related to the maxima of the return energies (in units of U p ) that the active electron gains by moving in the laser field along the 1 j 5 closed classical trajectories. These closed trajectories may be single-return trajectories, which start at the maximum magnitude of the electric field |F (t j )| of the j th half-cycle of the laser pulse and finish near the end of the next (neighboring) (j + 1)th half-cycle as well as multiple-return trajectories for which the excursion time is larger than the period T = 2π/ω of the laser pulse. In particular, for the EWP in Fig. 1(b) , ε 5 is related to the single-return trajectory on the flattop of the pulse intensity, ε 1 and ε 3 correspond to double-return trajectories, and ε 2 and ε 4 correspond to triple-return trajectories. Note that the spikelike behaviors of the EWP (or the HHG yield) become more pronounced as the laser wavelength increases. They have been observed previously in both numerical and analytical HHG calculations [12, 31] . The present analysis shows that between the two threshold energies ε 3 and ε 5 (i.e., for 1.5 Ẽ 3.17 ), the EWP can be well approximated by
where we have neglected the correction term I p /U p in comparison withẼ in Eq. (26) . The result (29) differs from that in Ref. [26] in which a scaling e 1.2Ẽ is proposed for this region. We also observe in Fig. 1(b) Fig. 1(b) .] Thus, the scaling w(E,F )/ω ∝Ẽ 1.5 provides a good approximation only in the deep low-frequency regime for harmonics with energies E I p . In Fig. 1(c) we compare the scaled EWPs for the H and He atoms. The HHG spectrum for He was calculated in the single-active-electron approximation using the potential,
This potential supports a ground s state with binding energy 0.904 a.u., which is close to the recommended value 0.903 a.u. Our comparison shows that, in the long-wavelength limit, the scaled EWP is universal in terms of the scaled energy E/U p [26] .
In Fig. 2 we present TDSE results for the harmonic yield Y of the H atom as defined in Eq.
(1) for wavelengths up to λ = 4 μm. The TDSE numerical results show that with increasing λ, Y decreases slightly faster than the λ −5 behavior predicted by our analytical result (27) . Specifically, fits to the TDSE data of a wavelength dependence ∝ λ −μ for two ranges of the harmonic energies ∈ [20, 50] and ∈ [40, 70] (eV) find that μ = 5.1 and μ = 5.3, respectively, as shown by the two curves in Fig. 2 . Possible sources for these minor discrepancies include residual numerical uncertainties in the TDSE calculation, which become increasingly challenging as λ increases. Likewise, the quasiclassical approximation and the restriction to leading terms in the asymptotic expansion underlying our analytic result may contribute to this deviation.
V. SUMMARY
In this paper, we have derived simple analytic expressions [Eqs. (23) and (26)] for the returning EWP in the lowfrequency (or long-wavelength) limit that allows one to predict the λ scaling (27) of the harmonic yield. A major simplification in our derivations was achieved by neglecting all interference effects in HHG spectra. Hence, our results for the EWP cannot be used to describe the fine-structure features of HHG spectra. Nevertheless, these analytic formulas for the EWP describe well the shapes of the HHG spectra (averaged over their rapid oscillations) as we have demonstrated in Fig. 1 by their nearly perfect matching with TDSE results for both H and He atoms. Moreover, although the result (26) for the (phase-averaged) EWP does not include interference effects, it remains sensitive to different closed classical electron trajectories, which are responsible for the spikelike behaviors of the HHG spectra as shown in Fig. 1(b) . Equation (26) shows explicitly that the shape of the EWP depends on the shape of the laser pulse, which governs the magnitudes of the U p -scaled threshold energies ε j . These energies mark the positions of the spikes in the HHG spectra which are related to the maximum energies ε j U p that the active electron can gain by moving along the j th closed trajectory. Neglecting the spikelike features, the EWP can be further simplified and is well represented by Eq. (23) . This result for the EWP shows explicitly that, in the deep tunneling regime (I p U p ) and for electron energies in the interval I p E 3.17U p , the energy scaling of the EWP is given by E 1.5 , independent of the target and the pulse shape. This fact analytically justifies the result of Ref. [26] , which was obtained based on numerical analysis of TDSE results. However, our analytic result (26) predicts a dependence of the EWP onẼ in the interval 1.5 <Ẽ < 3.17 [see Eq. (29)] different from the empirical result ∝ e 1.2Ẽ suggested in Ref. [26] .
For fixed absolute values of the electron energy E, the EWP is shown to scale as λ −4 . This result is close to the result found numerically in Ref. [26] , i.e., λ −4.2 . For a fixed U p -scaled energyẼ, our results show that the EWP scales as λ −1 , which is also close to the result of Ref. [26] , i.e., λ −1.2 . Employing these results we have shown both analytically and numerically that the λ-scaling results for the HHG yield found in prior works [1, 10, [15] [16] [17] [18] remain valid also in the midinfrared region as confirmed by the excellent agreement of our analytical results with TDSE calculations of HHG spectra for wavelengths λ 4 μm (see Fig. 2 ).
